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Andreev bound states in hybrid superconductor-semiconductor devices can have near-zero energy
in the topologically trivial regime as long as the confinement potential is sufficiently smooth. These
quasi-Majorana states show zero-bias conductance features in a topologically trivial phase, thereby
mimicking spatially separated topological Majorana states. We show that in addition to the suppressed
coupling between the quasi-Majorana states, also the coupling of these states across a tunnel barrier
to the outside is exponentially different. As a consequence, quasi-Majorana states mimic most of
the proposed Majorana signatures: quantized zero-bias peaks, the 4pi Josephson effect, and the
tunneling spectrum in presence of a normal quantum dot. We identify a quantized conductance
dip instead of a peak in the open regime as a distinguishing feature of true Majorana states in
addition to having a bulk topological transition. Because braiding schemes rely only on the ability to
couple to individual Majorana states, the exponential control over coupling strengths allows to also
use quasi-Majorana states for braiding. Therefore, while the appearance of quasi-Majorana states
complicates the observation of topological Majorana states, it opens an alternative route towards
braiding of non-Abelian anyons and topological quantum computation.
I. INTRODUCTION
One-dimensional topological superconductors support
Majorana bound states with zero energy at its end-
points.1–4 Because of their non-Abelian exchange statis-
tics and their topological protection to local sources of
error, Majorana states are candidates for fault-tolerant
qubits in quantum computing.5,6 In addition to their
non-Abelian properties, Majorana states have local sig-
natures, namely 4pi-periodicity of the supercurrent in a
topological Josephson junction,7,8 and a quantized zero-
bias conductance peak in the tunnel spectroscopy of a
single topological wire.9–11 Because of the complexity of
a braiding experiment demonstrating the non-Abelian
statistics, experimental efforts so far focus on observing
the local Majorana signatures.12–14
An alternative explanation of the experimental observa-
tions is Andreev states with near-zero energy that appear
in the topologically trivial phase.15–17 These Andreev
states can form at the wire’s end, provided the confine-
ment potential is sufficiently smooth.15 Because smooth
confinement potentials are likely to appear due to the
separation between metallic gates and nanowires by dielec-
tric layers, these quasi-Majorana states became a focus
of recent theoretical research.18–23 In particular, Ref. 18
shows that in case of smooth confinement potentials, triv-
ial zero-bias conductance peaks are commonly appearing
in Majorana devices, Ref. 21 demonstrates that near-
zero energy Andreev bound states which are partially
separated in space can reproduce quantized zero-bias con-
ductance peaks, and Ref. 23 shows that such partially
separated states can reproduce the fractional Josephson
effect.
We demonstrate that quasi-Majorana states can be ei-
ther partially separated or spatially fully overlapping, but
in both cases these states have an approximately opposite
spin. Therefore when the tunnel barrier is smooth and
Zeeman splitting is sufficiently large, one of the two quasi-
Majorana states has an exponentially smaller coupling
to the outside of the barrier. Such an exponential differ-
ence of the couplings, combined with the exponentially
small coupling between the quasi-Majorana states, makes
quasi-Majorana states indistinguishable from topological,
spatially separated Majorana states, as we illustrate in
Fig. 1. Because one of the two quasi-Majorana states is
exponentially decoupled from the outside in this regime,
any local measurement will give the same result as for
a truly topological system. We verify this phenomenon
by analysing tunneling spectroscopy of a quasi-Majorana
device, the 4pi-periodic Josephson effect,24,25 and a cou-
pled quantum dot-nanowire system, which has recently
been proposed26,27 and used28 to measure Majorana non-
locality. Because the exponential suppression of Majo-
rana couplings requires a tunnel barrier, we then analyse
the open regime and identify a quantized zero-bias con-
ductance dip instead of a peak as distinctive feature of
topological Majoranas.
Because of the exponentially small coupling between
quasi-Majoranas and of one quasi-Majorana across a bar-
rier, a smooth tunnel barrier is an alternative approach to
addressing individual Majorana states. As a consequence,
braiding schemes can also be realized in a topologically
trivial phase with quasi-Majoranas, since braiding effec-
tively requires the coupling to a single (quasi-)Majorana
state. Therefore, quasi-Majorana states supply an alter-
native route towards braiding non-Abelian anyons for
quantum computing.
This paper is organized as follows. In Sec. II, we de-
scribe our model and a method to compute coupling
strengths. In Sec. III, we discuss quasi-Majorana phase
diagrams, wave functions, and couplings across a tunnel
barrier. Sec. IV describes quasi-Majorana effects on a
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2FIG. 1. Schematic drawing of couplings of (quasi-)Majorana
states. (a): Couplings in the topological regime with spinless
Majorana states. The spatially separated Majorana states
have a coupling energy EM (green arrow), and couple with
coupling strengths Γ1,Γ2 across the tunnel barrier The arrow
thickness indicates that Γ1  Γ2. (b): Couplings in the
quasi-Majorana regime with two quasi-Majoranas, located at
the tunnel barrier slope and with a suppressed coupling EM,
experience a different effective barrier due to their opposite spin
and the finite magnetic field. The spin-down quasi-Majorana
state (dark yellow) couples strongly with coupling strength Γ1
(thick blue arrow, blue effective barrier), the quasi-Majorana
state with spin-up (faint yellow) couples weakly with coupling
strength Γ2 (thin orange arrow, orange effective barrier).
coupled quantum dot-nanowire device and on a Josephson
junction. We investigate an alternative local measurement
in Sec. V and briefly discuss probing a bulk topologi-
cal phase transition rather than local (quasi-)Majorana
modes. To study quasi-Majorana states beyond a simple
one-dimensional model, we show in Sec. VI a phase dia-
gram in a 3D nanowire with a smooth potential barrier.
In Sec. VII, we discuss braiding with quasi-Majoranas.
We give a summary and outlook in Sec. VIII.
II. MODEL
A. Hamiltonian
We implement the minimum one-dimensional model,
as proposed in Refs. 25 and 29, with a Bogoliubov-De
Gennes Hamiltonian given by
H =
(
p2x
2m∗
− µ+ Vpot(x)
)
τz−α~ pxσyτz+∆(x)τx+EZσx,
(1)
with m∗ the effective mass, px = −i~∂x the momentum, µ
the chemical potential, Vpot the potential, α the spin-orbit
interaction (SOI) strength, ∆ the superconducting gap
and EZ the Zeeman energy due to a parallel magnetic
field. The Pauli matrices σi and τi (i = x, y, z) act in spin
and particle-hole space, respectively. The potential Vpot
and the position dependence of the superconducting gap
∆(x) vary for different devices, as specified in following
subsection. We choose the following parameter values of
the Hamiltonian (1): m∗ = 0.015me, corresponding to an
InSb nanowire, α = 50 meV nm, and ∆ = 0.5 meV, unless
specified otherwise.
B. Devices
We implement the Hamiltonian (1) in three different
devices, schematically shown in Fig. 2, that are used
to measure local Majorana signatures. The system of
Fig. 2(a) is a tunnel spectroscopy setup consisting of a
proximitized nanowire of length LSC with a chemical po-
tential µ and constant superconducting gap ∆ connected
on the left to a semi-infinite normal lead via a potential
barrier Vpot(x). The potential in this device is given by a
Gaussian-shaped barrier, Vpot = Vbarrier, with
Vbarrier(x) = V e
−(x−x0)2/2σ2 , (2)
with V the height, x0 = 0 the center and σ the smoothness
of the potential barrier.
Figure 2(b) shows the second system, a coupled quan-
tum dot-nanowire device, which has been proposed re-
cently as an additional tool for measuring the non-
locality of Majorana states.26,27 Compared to the setup
of Fig. 2(a), we replace the lead by a normal quantum
dot (∆ = 0) of length Ldot. The effective potential is
Vpot = Vbarrier +Vdot, with Vbarrier as given in Eq. (2) and
Vdot describing the chemical potential difference between
the dot and the nanowire:
Vdot(x) =
1
2
µdot
(
tanh
(
x− x0
dx
)
− 1
)
, (3)
with µdot the chemical potential in the quantum dot,
x0 = Ldot the interface between dot and nanowire, and
dx the length scale over which the chemical potential
varies.
Finally, we consider a Josephson junction, consisting
of two one-dimensional proximitized nanowires separated
by a potential barrier and with a phase difference ϕ, see
Fig. 2(c). In this device, Vpot = Vbarrier, with the center
of the potential barrier between both superconductors
(x0 = LSC), and the position-dependent superconducting
gap described by
∆(x) =
{ |∆|e−iϕ/2 x < LSC
|∆|eiϕ/2 x > LSC, (4)
with a phase difference ϕ across the junction. In all
devices, we fix the nanowire length to LSC = 3 µm.
We discretize the Hamiltonian (1) on an regular one-
dimensional grid, and diagonalize this Hamiltonian to
3FIG. 2. Schematic drawings of the three studied devices.
The black lines indicate the potential profile Vpot(x), the
green lines the superconducting gap ∆(x). (a): Proximitized
nanowire with constant superconducting gap ∆ connected to a
semi-infinite normal lead from the left via a potential barrier.
(b): Proximitized nanowire connected to a normal quantum
dot on the left via a potential barrier Vpot. (c): Two finite
proximitized nanowires on the left and on the right with a
superconducting phase difference ϕ, separated by a potential
barrier Vpot.
obtain wave functions and energy spectra. To compute
the differential conductance in the tunneling spectroscopy
setup of Fig. 2(a) we use the scattering formalism. The
scattering matrix, relating incoming and outgoing modes
in the normal lead, is
S =
[
See Seh
She Shh
]
, (5)
where Sαβ is the block of the scattering matrix with the
scattering amplitudes of incident particles of type β to
outgoing particles of type α. The differential conductance
is
G(E) =
dI
dV
=
e2
h
(Ne + The − Tee) , (6)
with Ne the number of propagating electron modes in
the lead and T the transmissions that are related to the
scattering matrix by
Tαβ(E) = Tr
{
[Sαβ(E)]
†
Sαβ(E)
}
. (7)
We obtain the discretized Hamiltonian and the scattering
matrix (5) numerically using Kwant,30 see the supplemen-
tary material for source code and data.31
C. Couplings from Mahaux-Weidenmüller formula
We investigate how the low-energy states in the proxim-
itized nanowire couple to the propagating electron modes
in the normal lead in the setup of Fig. 2(a), since this
coupling determines the conductance through the lead-
wire interface. To do so, we write the scattering matrix
Eq. (5) in a different form using a generalized form of the
Mahaux-Weidenmüller formula derived in Ref. 32:
S(E) = 1− 2piiW (E −H + ipiW †W )−1W †. (8)
Here, H is the modified Hamiltonian of the scattering
region, E is the excitation energy, and W is the matrix
containing couplings of the lead modes to the states in
the scattering region.
To compute the coupling to the lowest energy eigenstate
of the Hamiltonian, ψ+(E), and its particle-hole symmet-
ric partner ψ−(−E) = Pψ+(E), with P the particle-hole
operator, we introduce a matrix P = [ψ+, ψ−]. The prod-
uct WP contains the coupling of the lead modes to the
pair of lowest-energy eigenstates of the Hamiltonian H.
To calculate the coupling to the Majorana components
ψ1, ψ2, we write ψ1, ψ2 as linear combinations of ψ+, ψ−,[
ψ1
ψ2
]
=
[
eiφ e−iφ
ieiφ −ie−iφ
] [
ψ+
ψ−
]
= U
[
ψ+
ψ−
]
(9)
for some arbitrary phase φ. In this Majorana basis, ψ1
and ψ2 satisfy ψ1 = Pψ1, ψ2 = Pψ2. The projected
coupling matrix Wˆ in this basis has the form
Wˆ = WPU† =
[
t1↑ t1↓ t∗1↑ t
∗
1↓
t2↑ t2↓ t∗2↑ t
∗
2↓
]
, (10)
where tγσ is the coupling of Majorana component γ = 1, 2
to a lead electron mode with spin σ =↑, ↓, and the complex
conjugate t∗γσ the coupling to the corresponding lead hole
modes. We choose the phase φ such that it minimizes the
off-diagonal elements t1,↓, t2,↑, which results in Majorana
components with opposite spin. The computation of the
coupling matrix W from the propagating modes in the
lead as computed with Kwant30 is done using the method
of Ref. 32.
D. Analytic conductance expressions in different
coupling limits
The anti-alignment of the Majorana spins allows for
an analytic expression of the conductance Eq. (6). The
4Hamiltonian in the Majorana basis {ψ1, ψ2} reads
HM =
[
0 iEM
−iEM 0
]
, (11)
with EM the coupling energy between ψ1 and ψ2. When
the spins of the Majorana components are anti-parallel,
the projected coupling matrix Eq. (10) simplifies to
Wˆ =
[
t1 0 t
∗
1 0
0 t2 0 t
∗
2
]
, (12)
where t1 ≡ t1,↑ and t2 ≡ t2,↓. For subgap energies, only
Andreev reflection processes contribute to conductance,
simplifying Eq. (6) to
G(E) =
2e2
h
Tr
([
Seh
]†
Seh
)
. (13)
To evaluate this expression, we substitute Eqs. (11) and
(12) into Eq. (8) and take out the electron to hole scatter-
ing block Seh (see Eq. (5)). To further simplify the result-
ing expression, we define coupling energies Γ1 = 2pit21 and
Γ2 = 2pit
2
2,33 and study the regime Γ1  EM,Γ2, which
describes one strongly coupled and one weakly coupled
low-energy state. This approximation yields
G(E) ≈ 2e
2
h
(
Γ21
Γ21 + E
2
+
Γ22 − 2E2MΓ2/Γ1
Γ22 + 2E
2
MΓ2/Γ1 + E
2
)
,
(14)
see App. A for a derivation. So, Eq. (14) gives the subgap
conductance through an NS interface expressed in three
energy parameters Γ1,Γ2 and EM.
Equation (14) is a sum of two (semi-)Lorentzian func-
tions, both with a peak height of 2e2/h. In the limit
Γ1  Γ2, EM, the first Lorentzian, with a peak width
of ∼ Γ1, is much broader than the second Lorentzian of
peak width ∼ Γ2. The second, narrower Lorentzian is
positive for Γ2 > 2E2M/Γ1 and negative for Γ2 < 2E
2
M/Γ1,
and hence respectively increases the conductance around
E = 0 to 4e2/h or decreases it to 0, depending on the
coupling strength of the second low-energy state. This
result explains the numerical findings of Ref. 18. Temper-
ature broadens the Lorentzian peaks, therefore the second
peak is experimentally only observable when kBT . Γ2.
Therefore, in the limit Γ1  Γ2, EM, zero-bias conduc-
tance is quantized to 2e2/h provided kBT > Γ2. Upon
increasing Γ2, or decreasing temperature, an additional,
narrower zero-bias peak is observable, either positive and
increasing the overall conductance to 4e2/h or negative
and decreasing it to zero, depending on the sizes of Γ1,Γ2
and EM. When both Γ1,2 . kBT , both zero-bias conduc-
tance peaks are not observable, resulting in a zero subgap
conductance.
III. PHASE DIAGRAM, WAVE FUNCTIONS
AND COUPLINGS OF QUASI-MAJORANAS
Earlier works have presented Hamiltonian spectra as
a function of magnetic field, where for specific param-
eter choices quasi-Majorana states occur in the trivial
regime.15,19 To investigate more systematically in which
parameter ranges these states occur, we compute a phase
diagram as a function of Zeeman energy EZ and chemical
potential µ. To do so, we consider the system Fig. 2(a),
decoupled from the lead. We compute the energy of the
lowest eigenstate of Hamiltonian (1) as a function of EZ
and µ, see Fig. 3. In all four panels, inside the topological
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FIG. 3. Phase diagram as a function of EZ and µ of the device
sketched in Fig. 2(a), for (a) α = 100 meVnm, σ = 10 nm, (b)
α = 40 meVnm, σ = 10 nm, (c) α = 100 meVnm, σ = 200 nm,
and (d) α = 40 meVnm, σ = 200 nm. The red line indicates
the topological phase boundary EZ =
√
∆2 + µ2. The color
indicates the lowest energy of the Hamiltonian in units of
∆ on a logarithmic scale. The potential barrier height is
V = 10 meV.
phase (red line), the lowest energy of the Hamiltonian
is exponentially small, indicating the existence of a zero-
energy state. This zero-energy state only exists in the
topological phase for Fig. 3(a) and (b), when the potential
barrier is steep. For a smooth potential, there is a large
area of quasi-Majorana states with zero energy outside the
topological phase, with growing area as the SOI weakens,
see Fig. 3(c) and (d).
Reference 19 investigated Andreev bound states which
are separated by a distance comparable or larger than the
coherence length of the system, but less than the system
length. These partially separated Andreev bound states
continuously interpolate between local Andreev bound
states and topological Majorana states at the system
edges. Reference 34 proposed to trap partially separated
Andreev bound states in quantum wells, in order to in-
crease their energy splitting. In addition to these works,
we find realistic parameter regimes with quasi-Majorana
states consisting of spatially completely overlapping Ma-
jorana components, that still have an exponentially sup-
pressed near-zero energy. Figure 4(a) shows the density of
quasi-Majorana states that are partially separated, while
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FIG. 4. Wave functions and spin densities in the device
sketched in Fig. 2(a) with a smooth potential on the left
edge. The left column shows results for parameters such that
the Majorana components in the trivial regime are partially
separated, the right column for fully overlapping components.
(a, b): Probability densities of the Majorana components of the
lowest Hamiltonian eigenstate in the quasi-Majorana regime.
(c, d): Spin densities of both Majorana components along
x. (e, f): Majorana wave functions in the topological regime.
Energy scales are given in meV, SOI strenght in meVnm. The
nanowire length is set to LSC = 4 µm.
Fig. 4(b) shows that for a different choice of parame-
ters, the quasi-Majorana components fully overlap. The
quasi-Majoranas wave function overlap increases with de-
creasing SOI strength α and smoothness σ, and increasing
barrier height V .
The origin of the decoupling between two quasi-
Majorana states lies in the nearly opposite spin, which
we show in Fig. 4(c) and (d). Because the SOI strength
vanishes at the smooth potential slope, the opposite-spin
states do not couple.15 The classical turning points of both
quasi-Majorana wave functions are close on the length
scale of the coherence length for the parameters of the
right column of Fig. 4, minimizing the spatial separation
between both states. Finally, Fig. 4(e) and (f) show that
both systems go into a topological phase for a further
increase of Zeeman energy, with well-separated Majorana
bound states at the system’s endpoints.
Because quasi-Majorana states are located at the same
side of a proximitized nanowire, while topological Majo-
rana states are separated between opposite edges, one
might expect local transport measurements to distinguish
between both cases. However, this is generally not the
case, as shown in Fig. 1: the opposite spin of both quasi-
Majorana states result in a different effective barrier,
which exponentially suppresses one quasi-Majorana cou-
pling, reproducing the coupling regime of topological
Majorana states. Figure 5(a, c) show the coupling pa-
rameters for a steep potential barrier, and Figure 5(b, d)
for a smooth barrier with quasi-Majorana states. The
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FIG. 5. Coupling energy and conductance as a function of
Zeeman energy EZ for a steep tunnel barrier (σ = 10 nm,
left column) or for a smooth tunnel barrier (σ = 100 nm,
right column) with quasi-Majorana states. (a,b): Coupling
energy between the two lowest states EM. (c, d): Coupling
energy to the probing lead Γ1,Γ2 of the two lowest states. We
do not include the coupling for small Zeeman energies, since
the energy of the lowest state is too large compared to the
bulk gap in this regime for the approximation of Sec. II C
to hold. (e, f): Conductance as a function of bias energy E
and Zeeman energy EZ. In all panels, the red vertical line
indicates the topological phase transition. The barrier heights
and smoothness are V = 18 meV, σ = 10 nm for the left
column and V = 11.7 meV, σ = 100 nm for the right column
respectively, and the chemical potential is µ = 5 meV for all
panels.
energy of the lowest Hamiltonian eigenstate EM is expo-
nentially small only in the topological regime for a steep
barrier, see Fig. 5(a), but is suppressed well before the
6topological phase transition for a smooth barrier with
quasi-Majorana states, Fig. 5(b). Likewise, the couplings
across the barrier of the Majorana components of the
lowest Hamiltonian eigenstate Γ1,Γ2 are exponentially
different only in the topological phase for a steep poten-
tial barrier, Fig. 5(c). However, for a smooth barrier, the
couplings are approximately four orders of magnitude dif-
ferent already in the trivial phase, Fig. 5(d). Consistently,
we find that the exponential suppression of both EM and
Γ2 is stronger in the quasi-Majorana regime than in the
topological regime.
The exponential suppression of the coupling between
quasi-Majoranas and the coupling of one of the quasi-
Majoranas across a tunnel barrier reproduces the topo-
logical coupling regime Γ2, EM  Γ1. Hence, the con-
ductance signatures of both the quasi-Majorana regime
and the topological Majorana regime are similar. In ab-
sence of quasi-Majorana states, a zero-bias conductance
peak quantized to 2e2/h only develops after the topo-
logical phase transition, Fig. 5(e), while in presence of
quasi-Majorana states, a quantized zero-bias peak is also
present in the trivial regime, Fig. 5(f). This zero-bias peak
quantized to 2e2/h coincides with the exponential sup-
pression of the coupling of one of the two zero-bias states,
as expected from our analytical formula, Eq. (14). Our
calculations also show a narrow conductance dip around
E = 0 due to the coupling of the second (quasi-)Majorana
Γ2 as is consistent with Eq. (14), but this is not visible in
the color scheme of Fig. 5, and experimentally not visible
when Γ2 . kBT . Hence, a quantized 2e2/h zero-bias con-
ductance peak does not distinguish between topological
Majorana states and quasi-Majorana states.
IV. MAJORANA NON-LOCALITY AND
TOPOLOGICAL JOSEPHSON EFFECT
Majorana non-locality, the spatial separation of two
Majorana states, can be expressed as the ratio between
the couplings Γ1,Γ2 of the two Majorana states to a
probing lead. In Ref. 26, a ‘quality factor’ q = 1− Γ2/Γ1
is defined, with q = 0 denoting two strongly coupled local
Majorana states (Γ1 = Γ2), and q = 1 denoting complete
non-locality (Γ2 = 0). References 26 and 27 proposed a
coupled quantum dot-nanowire device, see Fig. 2(b), to
determine the quality factor with a local probe, which has
been experimentally implemented in Ref. 28. The spectum
of the hybrid quantum dot-nanowire device shows anti-
crossing quantum dot states and a flat zero-energy state as
a function of the quantum dot chemical potential in case of
well-separated Majorana states, with EM,Γ2  Γ1. When
the Majorana states are closer together, the increasing
coupling of the second Majorana to the quantum dot
results in increasingly asymmetric diamond-like shapes
in the lowest energy level across the resonance with the
quantum dot states. Hence, the measurement of the
energy levels in the hybrid device allows to determine the
Majorana non-locality with a local probe.
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FIG. 6. Energy levels in a hybrid quantum dot-nanowire
device as a function of the chemical potential of the quantum
dot µdot (left column), and as a function of Zeeman energy
EZ (right column). Panels (a, b) show the energy levels in the
topological phase with a steep barrier (σ = 10 nm), panels (c,
d) in the trivial phase with a steep barrier, and panels (e, f)
in the trivial phase with a smooth barrier (σ = 100 nm) in
presence of quasi-Majorana states. The vertical green lines
in the right panels indicate the Zeeman energy at which the
corresponding left panel is computed. The barrier height
and the chemical potential in all panels is V = 9.5 meV and
µ = 4.4 meV respectively.
Reference 22 pointed out that partially separated An-
dreev bound states can have different couplings to a
quantum dot, mimicking the signatures of spatially sepa-
rated topological Majorana states. We show that quasi-
Majorana states systematically have exponentially differ-
ent couplings to a quantum dot, hence the quasi-Majorana
regime generally exhibits a high degree of non-locality.
Figure 6(a, b) show the spectrum in the topological phase
as a function of quantum dot chemical potential µdot
and Zeeman energy EZ respectively. The quantum dot
and the nanowire are separated by a steep barrier, so no
quasi-Majorana states appear in the spectrum of Fig. 6(b).
The non-locality of the Majorana states is expressed in
Fig. 6(a) by the flat energy level around E = 0 of the non-
local Majorana state, and spin-dependent anti-crossings
of the quantum dot levels coupled to the local Majorana
state. A flat energy level around E = 0 and strong anti-
7crossings are absent in Fig. 6(c), where the system is
topologically trivial and no single Majorana state cou-
ples to the quantum dot. However, in the presence of
quasi-Majoranas, Fig. 6(e, f), these characteristics occur
in the trivial phase because of the exponentially different
coupling of both quasi-Majorana states to the quantum
dot. Therefore, since quasi-Majorana states reproduce
the topological coupling regime EM,Γ2  Γ1, we observe
that quasi-Majorana states can exhibit a high degree of
non-locality, and consequently give rise to high quality
factors.
Turning to the 4pi-periodic Josephson effect in a device
sketched in Fig. 2(c), we again compare a topological junc-
tion to a trivial junction with and without quasi-Majorana
states. Figure 7(a) shows a 4pi-periodicity of the energy
levels corresponding to the Majorana states located at the
normal barrier, and a flat zero-energy level corresponding
to the Majorana states at the outer edges of the device
(with a small splitting due to finite size effects), as is ex-
pected theoretically in the topological phase.24,25 In the
trivial phase, as shown in Fig. 7(c), no zero-energy state
is present, and energy levels show a 2pi-periodicity. When
the barrier is smooth, quasi-Majorana states appear in
the trivial regime (see Fig. 7(f)), reproducing the flat
zero-energy levels and 4pi-periodic levels that characterize
the topological Josephson junction (Fig. 7(e)). Quasi-
Majorana states reproduce the topological phase winding
characteristics because two quasi-Majorana states strongly
couple across the barrier, resulting in a 4pi-periodic level,
and two have an exponentially suppressed coupling, result-
ing in a flat zero-energy level. Therefore, the measurement
of a 4pi-periodic Josephson current is not a distinctive sig-
nature of topological Majorana states, but can be caused
by quasi-Majorana states.
V. DISTINCTIVE SIGNATURES OF A
TOPOLOGICAL PHASE
Previously discussed measurement setups rely on Ma-
jorana modes to determine a topological phase, which
makes them inherently sensitive to non-topological local
low-energy states. Hence, a better strategy to distinguish
a topological from a trivial phase is the measurement of
a bulk phase transition rather than the measurement of
individual Majorana states, which has been proposed in
several earlier works. Reference 35 discusses quantized
thermal conductance and electrical shot noise in a proxim-
itized nanowire coupled to two normal leads as signatures
of a topological phase transition. Reference 36 proposes
the measurement of differences in conductance at one
lead connected to a proximitized nanowire when changing
the coupling to another lead, while Ref. 37 predicts a
sign change of the spin component of bulk bands along
the magnetic field as a measure of a topological phase
transition. Finally, Ref. 38 proposes the detection of rec-
tifying behavior of the nonlocal conductance G between
two spatially separated leads as a function of the bias
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FIG. 7. Energy levels in a topological Josephson junction
as a function of the phase difference across the junction ϕ
(left column), and as a function of Zeeman energy EZ (right
column). Panels (a, b) show the energy levels in the topological
phase with a steep barrier (σ = 10 nm), panels (c, d) in
the trivial phase with a steep barrier, and panels (e, f) in
the trivial phase with a smooth barrier (σ = 100 nm) in
presence of quasi-Majorana states. The vertical green lines
in the right panels indicate the Zeeman energy at which the
corresponding left panel is computed. The barrier height
and the chemical potential in all panels is V = 7.4 meV and
µ = 5 meV respectively.
E, G(E) ∝ E, as a signature of a bulk phase transition.
These proposals all rely on bulk properties, and therefore
more reliably detect a topological phase than probing a
local Majorana state, which might be mimicked by other
localized low-energy states.
We also suggest an alternative approach relying on
local conductance measurements that allows to distin-
guish topological Majorana states from quasi-Majorana
states. According to Eq. (14), when the coupling of the
second low-energy subgap state Γ2 exceeds kBT , an exper-
imentally observable zero-bias conductance peak of 4e2/h
develops. Hence, our approach does not focus on a quan-
tized conductance peak in the tunneling spectroscopy39
when Γ2 is strongly suppressed, but on a conductance mea-
surement in the open regime. We demonstrate the effect
of opening the tunnel barrier V → 0 (with V the height of
the potential barrier given in Eq. (2)) on the conductance
8with true Majorana states and with quasi-Majorana states
in Fig. 8. Figure 8(a) shows the conductance as a function
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FIG. 8. (a, b): Conductance as a function of bias energy E
and barrier height V for topological Majorana states (left) and
for quasi-Majorana states (right). The vertical colored lines
point out the values of V at which line cuts, shown in (c, d),
are made. The parameter values for this plot are: V = 7 meV,
µ = 4 meV, and σ = 200 nm. Panels (a) and (c) are made at
EZ = 4.4 meV, in the topological phase, and panels (b) and
(d) are made at EZ = 3.6 meV, in the trivial phase.
of bias energy E and barrier height V in the topological
phase with spatially separated Majorana states. In the
tunneling regime, the conductance shows a zero-bias peak
quantized to 2e2/h (see also the light-brown line cut in
panel (c)), which broadens to a plateau of 2e2/h height
upon opening the barrier (purple line cut). When the
barrier height is further reduced, the conductance at fi-
nite bias increases due to Andreev doubling, but stays
fixed to 2e2/h at zero bias due to the presence of a sin-
gle Majorana state (pink line cut).11,40 Quasi-Majorana
states also exhibit a conductance peak of 2e2/h in the
tunneling regime and a conductance plateau of 2e2/h in
the quasi-open regime as shown in Fig. 8(b) and the line
cuts in Fig. 8(d). However, upon further opening the
barrier, both quasi-Majorana states couple to the lead,
resulting in a conductance peak of 4e2/h which broadens
to a plateau when further reducing V . Therefore, while a
zero-bias conductance peak or conductance plateau quan-
tized to 2e2/h does not distinguish quasi-Majorana states
from topological Majorana states, a zero-bias dip in the
conductance in the open regime does.
VI. QUASI-MAJORANA STATES IN A 3D
NANOWIRE
Because quasi-Majorana states so far have been studied
in one-dimensional systems,15,16,18,19,21,22 it is uncertain
how likely quasi-Majoranas are to appear in realistic situ-
ations. While currently doing a fully realistic simulation
of a three-dimensional device is beyond state of the art,
we do a 3D simulation that includes the orbital effect of
magnetic field,41,42 multiple modes mixed by an inhomo-
geneous potential in the direction perpendicular to the
wire axis, and an external superconducting shell proximi-
tizing the nanowire (see App. B for a detailed description
of the model).
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FIG. 9. Phase diagram as a function of EZ and µ of the 3D
device, with orbital magnetic field and an external supercon-
ductor included. The red line indicates the topological phase
boundary. The color indicates the lowest energy of the Hamil-
tonian in units of ∆ on a logarithmic scale. Different panels
have different parameter values for the SOI strength α (in
meVnm) and potential smoothness σ (in nm). The potential
barrier height is V = 25 meV.
We show the phase diagram of this 3D device as a
function of µ and EZ in Fig. 9. The upper panels, with
a steep potential barrier (σ → 0), show that the emer-
gence of a zero-energy state coincides with the topological
phase, which has a more complicated shape compared
to Fig. 3 due to multiple modes and the orbital effect of
magnetic field. In Fig. 9(b), the gap outside the topologi-
cal phase is weaker due to a weaker spin-orbit coupling,
but no robust trivial zero-energy state emerges. How-
ever, Fig. 9(c, d) show that for a smooth potential barrier
(σ = 200 nm) a region of zero-energy quasi-Majorana
states emerges, especially prominent for weak spin-orbit
strength α = 20 meVnm, Fig. 9(d). Figure 9 is qualita-
tively similar to Fig. 3: for a smooth potential, regions
of zero-energy quasi-Majoranas emerge, increasing in size
for decreasing spin-orbit strength. Thus, we find that
quasi-Majorana states are also present in realistic 3D sys-
tems with smooth potentials that are close to currently
available experimental devices.
9FIG. 10. (a): Braiding in a measurement-based device of
parallel superconducting nanowires coupled to a quantum dot.
Only one of each pair of quasi-Majorana states effectively
couples across the smooth barrier to the quantum dot (blue
arrows). (b): Tri-junction setup for Coulomb-assisted braiding
with quasi-Majorana states. From the pairs of quasi-Majoranas
in each nanowire, only one couples across the tunnel barrier
to the other two quasi-Majoranas (blue lines).
VII. BRAIDING OPERATIONS WITH
QUASI-MAJORANA STATES
Braiding schemes that demonstrate and utilize the
non-Abelian statistics of Majorana states are subdi-
vided into gate-controlled braiding in T-junctions,43–45
Coulomb-assisted braiding in Josephson junctions,46,47
or measurement-based braiding in topological nanowires
coupled to quantum dots.48–50 Having quasi-Majorana
states in the topologically trivial phase in these devices
still admits braiding. Gate-controlled braiding requires
microscopically precise manipulation of electrostatic po-
tentials, and therefore we leave gate-controlled braiding
with quasi-Majorana states as a topic for future research.
On the other hand, the other two schemes only rely on
coupling to individual Majorana states, which is possible
in the quasi-Majorana regime, since quasi-Majorana states
couple exponentially different across a tunnel barrier. The
presence of the second, uncoupled quasi-Majorana state
still allows these braiding schemes to work.51 We show a
possible setup for a measurement-based braiding scheme
with quasi-Majorana states in Fig. 10(a), where only one
quasi-Majorana state of each pair couples to the adjacent
quantum dot, and for a Coulomb-assisted braiding scheme
in Fig. 10(b), where only one quasi-Majorana state of each
pair couples to one other quasi-Majorana state of the two
other nanowires.
To estimate whether quasi-Majorana states are realistic
candidates for braiding, we compare quasi-Majorana en-
ergy and length scales to braiding requirements. Coulomb-
assisted and measurement-based braiding involves a
fermion parity measurement in a transmon,52 where the
parity shift is expressed in a resonance frequency shift ∆ω,
which has been estimated in Ref. 50 for realistic parame-
ters as ∆ω ∼ 100 MHz. Hence, the transmon sensitivity
must exceed 100 MHz, which limits the quasi-Majorana
energy splitting to ~∆ω ∼ 0.1 µeV. The energy splitting
EM for the parameters of Fig. 5 does not meet this re-
quirement (see Fig. 5(b)), but we find that for increasing
barrier smoothness σ and SOI strength α (while keeping
the wire length fixed to LSC = 3 µm), the splitting is
reduced to a value below the braiding requirement. As an
example, for experimentally realistic values of σ = 150 nm
and α = 100 meVnm, we find a quasi-Majorana splitting
of 0.1 µeV. Additionally, we consistently observe that the
coupling energy EM in the quasi-Majorana regime is an
order of magnitude smaller than in the topological regime.
The smaller quasi-Majorana coupling compared to the
topological Majorana coupling is due to the lower mag-
netic fields in the quasi-Majorana regime, which results in
a smaller coupling of quasi-Majorana states to the other
end of the wire. The suppression of the coupling of the
second quasi-Majorana state to the outside is orders of
magnitude smaller, Γ2 ∼ 10−3 µeV, and again we find this
suppression stronger in the quasi-Majorana regime than
in the topological regime, see Fig. 5(d). Consequently, us-
ing quasi-Majorana states may be an attractive approach
to demonstrate braiding properties.
VIII. SUMMARY AND OUTLOOK
Experimental setups to measure Majorana states in
hybrid semiconductor-superconductor nanowire devices
contain electrostatic gates that can generate smooth po-
tential profiles, which give rise to non-topological quasi-
Majorana states, that have an exponentially suppressed
energy as a function of magnetic field. Additionally, one
of the quasi-Majorana states has an exponentially sup-
pressed coupling across the tunnel barrier. This makes
quasi-Majoranas mimic all local Majorana signatures,
specifically a quantized zero-bias peak conductance in the
tunnel spectroscopy, the resonance spectrum in a coupled
nanowire - quantum dot device, and 4pi-periodicity of
the energy levels as a function of phase in a Josephson
junction.
A measurement of a bulk phase transition, rather than
a measurement of the presence of local (quasi-)Majorana
states, can experimentally distinguish non-topological
quasi-Majorana states from topological Majorana states.
Additionally, we propose to to measure conductance in
the open regime, which results in a plateau at G = 4e2/h
around zero bias in the conductance in presence of quasi-
Majoranas, and in a conductance dip to G = 2e2/h at
zero bias in presence of topological, spatially separated
Majoranas.
While quasi-Majorana states make it harder to unam-
biguously demonstrate topological Majorana states, they
reproduce topological properties such as braiding. Quasi-
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Majorana states lack true topological protection, and are
hence sensitive to magnetic impurities or other short-
range disorder mechanisms that break the smoothness
of the potential barrier. However, due to the progress
in device design, the current experimental devices are
likely to be in the ballistic regime required to support
robust quasi-Majorana states.53–56 Also, quasi-Majorana
states emerge for smaller magnetic fields, which reduces
the coupling to the opposite end of the wire compared to
topological Majorana states, resulting in smaller energy
splittings. Furthermore, combined with topological Ma-
jorana states, quasi-Majorana states increase the overall
phase space in which topological quantum computing can
be performed. Therefore, it may be an interesting direc-
tion of further research to engineer quasi-Majorana states
to study topological properties.
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Appendix A: Analytic approximation for the NS
interface conductance
To arrive at the analytic expression for subgap conduc-
tance through an NS interface with two low-energy subgap
states in the coupling regime Γ1  Γ2, EM, Eq. (14), we
start from the Mahaux-Weidenmüller formula for the
scattering matrix S(E):
S(E) = 1− 2piiW (E −HM + ipiW †W )−1W †. (A1)
As stated in Eqs. (11) and (12), the low-energy Hamilto-
nian HM and coupling matrix W of the two lowest-energy
states to the normal lead have the form
HM =
[
0 iEM
−iEM 0
]
,W =
[
t1 0 t
∗
1 0
0 t2 0 t
∗
2
]
, (A2)
with W in the basis {ψe,↑, ψe,↓, ψh,↑, ψh,↓} of propagat-
ing electron and hole modes of both spins in the normal
lead, and HM in the Majorana basis {ψ1, ψ2}, where ψ1
and ψ2 have opposite spin. Substitution of Eq. (A2) into
Eq. (A1) gives an expression for the scattering matrix
S(E) in terms of EM and the coupling energies Γ1,Γ2:
S(E) =
[
See Seh
She Shh
]
=
[
1 +A A
A 1 +A
]
, (A3)
where
A =
1
Z
[
iΓ1(E + iΓ2) −EM
√
Γ1Γ2
EM
√
Γ1Γ2 iΓ2(E + iΓ1)
]
, (A4)
with
Z = E2M − (E + iΓ1)(E + iΓ2), (A5)
and Γi = 2pit2i (see also Ref. 33). Andreev reflection of an
incoming electron into an outgoing hole is described by
the block of the scattering matrix Seh = A. At subgap
energies, the Andreev conductance is given by
G(E) =
2e2
h
Tr
([
Seh
]†
Seh
)
. (A6)
In the limit Γ1  EM,Γ2, Eq. (A5) is approximated by
Z ≈ E2M + Γ1Γ2 − E2 − iEΓ1, and hence
|Z2| = (E2M − E2 + Γ1Γ2)2 + E2Γ21
≈ E4M + E4 + Γ21(Γ22 + E2) + 2E2M(Γ1Γ2 − E2). (A7)
We insert this in Eq. (A4) and work out the trace of
Eq. (A6) using Seh = A, which follows from Eq. (A3).
This yields
G(E) ≈ 2e
2
h
2E2MΓ1Γ2 + 2Γ
2
1Γ
2
2 + E
2(Γ21 + Γ
2
2)
E4M + E
4 + Γ21(Γ
2
2 + E
2) + 2E2M(Γ1Γ2 − E2)
.
(A8)
In the limit Γ1  Γ2, EM, square terms in Γ1 dominate,
hence we neglect the other terms in the numerator of
Eq. (A8). This results in a conductance expression for
the limit Γ1  Γ2, EM:
G(E) ≈ 2e
2
h
Γ21(2Γ
2
2 + E
2)
E4M + E
4 + Γ21(Γ
2
2 + E
2) + 2E2M(Γ1Γ2 − E2)
.
(A9)
Next, we consider the high- and low-energy regimes
separately. In the high-energy limit, Γ1, E  EM,Γ2,
Eq. (A9) reduces to
G(E) ≈ 2e
2
h
Γ21
Γ21 + E
2
. (A10)
Turning to the low-energy limit, Γ1  EM,Γ2, E, we
further simplify Eq. (A7) to |Z2| ≈ Γ1Γ2
(
Γ1Γ2 + 2E
2
M
)
+
E2Γ21. The correction around zero energy to Eq. (A9) is
given by
G(E)− 2e
2
h
≈ 2e
2
h
Γ22 − 2E2MΓ2/Γ1
Γ22 + E
2 + 2Γ2E2M/Γ1
. (A11)
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Summing Eqs. (A10) and (A11) gives a simplified expres-
sion for the conductance in the limit Γ1  Γ2, EM at all
energies, expressed in two (semi-)Lorentzian functions:
G(E) ≈ 2e
2
h
(
Γ21
Γ21 + E
2
+
Γ22 − 2E2MΓ2/Γ1
Γ22 + 2E
2
MΓ2/Γ1 + E
2
)
.
(A12)
This describes a Lorentzian of height 2e2/h and width
∼ Γ1, with an additional Lorentzian with the same height
2e2/h and a much narrower width ∼ Γ2 (since Γ1  Γ2).
This second, narrower Lorentzian is positive when Γ2 >
2E2M/Γ1 and negative for Γ2 < 2E
2
M/Γ1.
Appendix B: Three-dimensional nanowire model
In order to verify that our conclusions still hold in three
dimensions, we apply the effective low-energy model25,29
of a semiconducting nanowire with spin-orbit coupling and
a parallel magnetic field, covered by a superconductor, to
a 3D system. We define x as the direction along the wire,
y perpendicular to the wire in the plane of the substrate,
and z perpendicular to both wire and substrate. The
corresponding Hamiltonian reads
HBdG =
(
p2
2m∗
− µ+ V (x, z)
)
τz + α (pyσx − pxσy) τz
+
1
2
gµBB · σ + ∆τx, (B1)
Here p = −i~∇+eAτz is the canonical momentum, where
e is the electron charge, and A = [Byz −Bzy, 0, Bxy]T
is the vector potential chosen such that it does not depend
on x, which we include in the tight-binding system using
the Peierls substitution.57 Further, m∗ is the effective
mass, µ is the chemical potential controlling the number
of occupied subbands in the wire, α is the strength of the
SOI, g is the Landé g-factor, µB is the Bohr magneton,
and ∆ is the superconducting pairing potential. The Pauli
matrices σ and τ act in spin space and electron-hole space
respectively. We assume a Gaussian potential V (x, z)
inside the wire centered around x = 0, with different peak
heights at the top (z = R) and bottom (z = −R) of the
wire, and linearly interpolated for −R < z < R:
V (x, z) = Vbottom exp
(
1
2
x2
σ2
)(
R− z
2R
)
+ Voffset
(
z +R
2R
)
+ (Vtop − Voffset) exp
(
1
2
x2
σ2
)(
z +R
2R
)
,
(B2)
where R is the wire radius, Vbottom and Vtop are the
heights of the Gaussian peaks at the bottom and top
respectively, Voffset is the difference in potential between
the top and bottom, and σ the width of the peaks. We
perform numerical simulations of the Hamiltonian (B1)
0 σ 2σ 3σ 4σ
x
Voffset
Vtop
0
Vbottom
V (x, z)
−R
−R/2
0
R/2
R
z
FIG. 11. Potential shape inside the nanowire as given by
Eq. (B2). The parameter values for the simulations in Fig. 9
are Vtop = −30 meV, Vbottom = 25 meV, Voffset = −50 meV,
and R = 35 nm.
on a 3D lattice using Kwant.30 The source code and the
specific parameter values are available in the Supplemen-
tal Material .31 The full set of materials, including the
computed raw data and experimental data, is available
in Ref. 31.
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